CHAPTER IX. 
GENERAL THEOREMS. 


319. Various Limiting Forms expressed as Definite Integrals 
The definition of an integral, viz 
[saya = Lt, hI pla) + plo+h)+g(at2h)+ -.. +90)] 


where b=a-+nh may be expressed as 


and can be used for the evaluation of a certain class of 
limiting forms. 


Ex. Find the value of 
1? 2% 3? 
Lt neg ESUAT pip T +aral 
This may be written as 


and taking ~ as « and 1 as de 


AR E = de= =} [oga +2) | =} log,2. 
320. In the same way 
Lt nu0{ pa) p(a-+h) p(a+2h) .. 


 platnh)}*, 


where p=? may be evaluated. 


324 
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Let u=($(a) g(a +h) p(a+2h) ... p(a-tnh)}*; 


then log u=} {log (a)+log ¢(a+h)+ ... +log ¢(a+rh) 
+... log o(6)} 


= > Llog ¢{a+(b—a) AF 


and therefore if we write 
a+(b—a) z =g% 


and (b—a) > =de 
Ii: log o(@) $ia) a 


the limit of log u is 


Hence Lt,_..{¢(a)p(a+h)p(a+2h)... pla+nh)}", 


where k= oa t 
n 


pap aS. log $(z)dz 
[see Diff. Cale., p. 6, Ex. 3]. 
Ex. Find the limit when n= of 


(aea (148)--(4) 


Calling this expression y, 
logu=1{ tog (1415) +10g (1+2) +... +10g (14+5)} 
ogu=_{ og +i +log +3 +... + log ni 


and Ltlogu= [| log (1 + x*) dx 
= zlog(1+2%) | -2 f ade 


=log 2-2 | (1-;+5) ae 


=log 2-2+2. 5=5 t log2- 2; 


2457 z-4 
^ Lhu= set 2 =Qe 2 
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EXAMPLES. 


1. Determine by integration the limiting values of the sums of the 
following series when 7 is HINE great : 


i 1 1 ] 
(i) n+ A ert [a, 1884.] 
(ii) rye tarta a [Oxrorp, 1888.] 
1 1 1 
lll e ay +>... 
(i i ep AE + Vena N2n? =n? 


[CLARE, ETC., 1882.] 
wy E ETR E toe ZT, oso OT sin | 
(iv) p gp + Sin’ 5, + sin gn tee tsin af 
k being a positive integer. [Sr. Joun’s, 1886. ] 
2. Show that the limit when x is increased indefinitely of 


(n-m)? (2n — m)? (32n — m)? (n3 —m)* wt Ge 
a TPE tae Wy ale a ieee a 
[CoLuEGEs, 1892.] 


3. Find the limit when x is indefinitely great of the series 
FA ie # 2_ 
ps 1 V2n 1 V3n A vn 1 


2n 3n on nè 


[CoLLEGES, 1890.] 
4. Evaluate 


1 1 1 1 
Tilas -=t a — . seth eae | 
V2a?n-—1 mir an A, o ah] J 2a?n? —1 
5. Evaluate 


2 2 
J S: A EN aS paio k Piar a aE . 
lig + 12/8 (n? + 22) {n? + (n-1 mi 

[C. S., 1901.] 


GENERAL THEOREMS ON INTEGRATION. 


321. Various Propositions. 

There are certain general propositions on integration, many 
of which are almost self-evident from the definition of inte- 
gration or from geometrical considerations, the truth of some 
of which the student will have noticed for himself, but which 
require to be definitely stated. It will be assumed that all 
functions occurring in the following theorems are finite and 
continuous between the limits ascribed, unless the contrary 
be specified : 


www.rcin.org.pl 


GENERAL THEOREMS. 327 


322. I. fo @jds=f'% (z) dz, 
for if y(x) be such that 
plo) =< ya), 
and therefore such that 
gl) =. ye), 


each integral is equal to y (b) —ẹ (a). 

In other words, the result being necessarily eventually inde- 
pendent of z or z, it is plainly immaterial whether the letter x 
or the letter z is used in the process of obtaining the indefinite 
integral previous to the substitution of the limits. 


323. IL [e@de=['perde+f parade, 


For if y(x) be the indefinite integral of ¢ (x), 
the left side is y(b)—y (a) 
and the right side is 
{¥(c)—-¥(@)} +{v 6)—-y()}, 
which is the same thing. 
Further, it is equally clear that 


fo (2) dx=('9(2) de+|¢ (aac+| ¢ œde + | “ot@) i. 


where c, d, e, f,... k are any real quantities which lie in the 
region from a to b for which ¢(z) has been assumed to be 
finite and continuous. 

Let us illustrate the fact geometrically. 
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Let the curve drawn be the graph of y=¢(z), and let the 

equations of the ordinates 
NP, NP os NPs, 100 Negi td's 

be t=a, =c, =d, ... =k, =b 
respectively. 

Then the above theorem in integration expresses the 
obvious fact that 

Area N,N,P,P, = Area N,N,P,P, + Area N,N,P;P, + 4. 

+ Area N, NPP; 
324, IIL. f ” o(a)de= — f * p(z) dz. 
a 


For, with the same notation as before, 
the left side is y(b) —y-(a) 
and the right side is — {y (a)— y/(b)}. 
An interchange of the limits, therefore, changes the sign 
of the integral. 


325. IV. k ple)de=[' $(a—za) dz. 
0 o 
For if we put x=a—X, we have dr=—dX ; and 
if z=a,, X=0; 
if 2=0, X=a. 


x QO’ + 
7 Fig. 27. 


a 0 
Hence f (x) dr = -f p(la—X)dX 
0 a 


i. ¢(a—X) dX, (by IIL), 
0 


a p(a—a)dz, (by I). 
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Geometrically this expresses the obvious fact that, in esti- 
mating the area OO’QP (Fig. 27) between the y and «-axes, 
an ordinate O'Q, and the curve PQ, which is the graph of 
y= (x), we may if we like take our origin at O', O'Q as our 
Y-axis and O'X as our X-axis, as it cannot affect the result, 
whether the elements of area are added up from left to right, 
or from right to left. 


326. V. fo) da=[" pla) de+-" p(2a—2) de. 
For, by II., 
fo) dein í i (a) de+ |" gte) da, 


and if in the second term we put z= 2a—X, we have dz =—dX, 
and when z=a, X=a; 
when z=2a, X=0. 


Y 
Q 
7 
R 
P 
x. *¢ N Oo’ * 
° Fig. 28. 


Thus the second integral on the right side, viz. 
2a o 
Í (2) de= -Í o(2a—X) dX 


f " p(2a—X)dX (by IIL) 


f e@a—a)de (by 1); 


2a a a 
s. | (z) de = f (a) do+| $¢(2a—2) dz. 
0 0 o 
The geometrical interpretation is, that if we are estimating 
the area OO’QP (Fig. 28) between the y and g axes, an ordinate 


O'Q, viz. c= 2a, and the graph of y= ¢(z), viz. the curve QP, we 
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may if we like take Ox and Oy for our axes for the portion 
ONRP, NR being the mid-ordinate, and O'X, O'Y for axes in 
the second portion, thus finding each part separately, and 
then adding together, a fact obviously true. 


327. VI. Plainly, if g(x) be such that 


$(2a—z) = p(x), 
this proposition takes the form 
2a a: A 
[, #@de=2[ g(a) de 
0 0 
and if ¢(x) be such that 
p(2a—z) a —¢(z), 
s (x) de =0. 
0 


Fig. 29. 


In the first case there is symmetry about the mid-ordinate 
NR (Fig. 29), and the whole area OO’QRP in such a case is 
double that of ONRP. 


Fig. 30. 


In the second case ¢(a)= —¢(a), ie. p(a)=0, and the curve 
cuts the z-axis at N (Fig. 30), viz. where x=a, and though 
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the regions ONP, O’NQ are equal in absolute area, the second 
integral of Art. 326, viz. b ġ(2a—s)dx, which is referred to 
0 


O'X and O'Y as axes, represents (—the area O’NQ), for all the 
ordinates are affected by a negative sign. 

Hence, the algebraic sum of the two is zero, the one 
cancelling the other. 

There is now symmetry about the point N. 


328. This principle is very useful in the integrals of the 
trigonometric or of any periodic functions. 
Thus, since sin”x=sin” (mr — &), 
x F 
f sin"zde=2 | sin” g dz. 
0 0 
And since costi y= — costi (m — s), 
f’ cos™*rde=0; 
so also since cos?” = cos?” (7 — s), 


5 
f cosmeds=2 | cos” g dz. 


We may express these propositions in words, thus : 


To add up all terms of the form sin®adx at equal in- 
definitely small intervals from 0 to m is to add up all such 


terms from 0 to 3 and double the result. For the second 


quadrant sines are merely repetitions of the first quadrant 
sines in the reverse order. 
Or geometrically, the curve y=sin"x being symmetrical 


about the ordinate “=F, the whole area between the ordi- 


nates 0 and r is double that between 0 and $ : 


Similarly, the second quadrant cosines are repetitions of 
the first quadrant cosines with opposite signs, and therefore 
a term of form cos®"+!zdz in the first quadrant is cancelled 
by the corresponding term in the second quadrant, but a term 
cos?” æ da, the index being now even, is duplicated by the 
corresponding term in the second quadrant. 

Similar remarks and geometrical illustrations apply to 
other cases and for wider limits of integration. 
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Thus [sin™2de=0, 
for the third and fourth quadrant elements cancel those from the first 


and second. z 
[sina de =4 |; sinnzda, 


[cosm*t2de=0, 
0 


2x = 
f coshsde =4 f cos”r dar, 


and so on. 
329. VII. A Periodic Function. 
If $(z)=p(a+), 


f (x)da=n $ (x) da, 


For, drawing the graph of y= ¢(z), it is clear that it consists 
of an infinite series of repetitions of the part lying between 
the ordinates OP,, (c=0), and N,P,, (c=a), (Fig. 31), for 

(z) E= $(x+a), 
and therefore writing x+a for x, 
$(z+a) = ¢(x+2a) = ġ (x +34) = ete. 
Also the areas bounded by the successive portions of the curve, 
the corresponding ordinates and the z-axis are all equal. 


a 2a 
Thus [sof pade=|"p (x)de = ete, 
snd foede- pedet f g a, +g (da 


; -nf pade. 


(6) N, N, 7 
Fig. 31. 
Thus, for instance, since sin?” s =sin™ (m + £), 


r, he PO I-11 R-3 1 r 
2n ae 2n oo 2n = wa. fae & ma 
I sin zdr=4 |) sin ada=8 | sin” gz de=8 on maa" 8 2 
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830. VIII. Arbitrary Change of the Limits. 
b 
In estimating Í p (x)dzx, the limits may be altered arbitrarily 


to p, q, provided x be transformed linearly in a suitable 
manner, 


Take «= A+Bé€. Let A and B be chosen so that 
ae RES whence 44-2 Hers 


b=A-+Bq, q—p q—p’ 
_ 4q—bp ba 
i.e. x ap Farat 
aed drat ha 
q—p 
a b—a f? —bp ,b—a 
Th | da=] e s EE 
pr a?) q—p Of q—p WESE) £ 
b—a f1, saq—bp , b—a 
DE a e > bers dam ye | g 
q—P Jp ee ta) (by 1) 


The geometrical significance of this is that instead of find: 
ing the area of y=¢(x) from z=a to =b, we may find the 
area of p w pE 

wn 98g T ma Rahs 
"= a9 F E ey 
from =p to €=q. 

Let the two graphs be drawn (Fig. 32), and let AA’, BB, 
two ordinates, viz. s=a,xz=b in the one, correspond to PP’, 


O Afa) Byo) O Pep,o) Qr¢,0) 


Fig. 32. 


QQ’, two ordinates, viz. =p, =q in the other; then each 
element of the distance AB is reduced to a corresponding 


element of PQ in the ratio E, whilst there is a transference 
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of the origin a distance ae in the positive direction of 


the x-axis if this quantity be positive, or in the opposite 
direction if negative. This alteration in the graph leaves 
the number of units of area in the portion of the graph 
considered unaltered, the effect being merely that of drawing 
the graph on a different scale, the ordinates being altered 


in the ratio = , whilst the breadths of the elementary strips 


are altered in the inverse ratio, leaving the areas unchanged. 


331, IX. If (x), W(x) be single-valued continuous and 
finite functions of x, of which the latter retains the same sign 
between a and b, then 


f so vear= [ y-@ae, 
where a<é<b. 
For K (x) y-(x)da, by the definition of an integral (Art. 11), 


=Lt,-oh[ (a) ¥-(a) +9 (a +h) y-(a-+h) +9 (a+ 2h) y-(a+2h) +... 
+4 (b—h)y(b—h)]. 


Now, of all the expressions 
pla), pla+h), p(a+2h), ... p(b—h), 
let (Å) be the greatest and (Â) the least. 
Then (a)y (a)+pla+h) y (a+h)+ ... +6(6—A)y(b—A) 
<$(E)[V-(a@) +y (a-+h) +Y(a+2h)-+ ... +¥(b—A)] 
and > $(é)[W(a)+W(ath)+y(a+2h)+ ... +y(b—h)}. 


b 
Hence [pey (ede<(&) [heda 
and > $(&) fy (x)dz, 


and therefore must = $(€) [vee 


where $(£) is intermediate between ¢(€,) and ¢(€,). And £ is 
a value of x somewhere between a and b. 

It has been assumed that y(x) is positive for the range 
from a to b. If y(x) be negative throughout, the order of the 
inequalities is reversed, but the final result remains the same. 
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332. Cor. I. As a case of this theorem write ¢’(x) for (x), 
and 1 for y(x). 


b b 
Then [sorpa [1 dæ=(b—a)¢'(£), 


ie.  (6)—$(a) =(6—4) 9); 
or putting b=a+h and €=a+0h, where 0 is a positive proper 
fraction, 

p(a+h)=9(a)+hg'(a+ Ph), 
subject to the condition that ¢(x) and ¢'(z) are finite and 
continuous functions of x for the whole range of values of v 
from a to a+h. [See Diff. Calc., Art. 139.] 


333. Cor. II. If (x) has a finite value for all values of x, 
b 
a<g<b, it follows that I =| ¢(x) dx is finite if a and b are 


finite, for if (å) be the greatest and ¢(€,) the least of the 
values of #(x), I lies between #(£,)(b—a) and $(€,)(b—a), and 
is therefore finite. 


334, Cor. IIT. If w, W, us, ... be all single-valued functions 
of a, finite and continuous for all values of x between a and b, 
and if the series u,+u,+u;+u,+... to an infinite number of 
terms be uniformly and unconditionally convergent for all 
values of œ between these limits, and f(x) the limit 
towards which it converges, then the series 


fim de+ fu do+ Í u,dx-+ ... 


is also convergent for values of x between a and b, and con- 
x 


verges to the limit f f(x)dæ. [This theorem has already been 


proved in Art. 34 from a slightly different point of view.] 
Let R, be the remainder after n terms of the given series, 


oer Uy + Ug + ust ... + n+ Ra= f(a). 
Then 


fu d+ | upd +| u,de-+ wt [By da =| ro da. 


Now, by supposition, R, is finite. Let R, and R, be the 
greatest and least values of R,„ as æ changes continuously from 
a to b. 
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Then f R,,da lies between R,(x—a) and R}(£—a). 
Moreover, R, vanishes by hypothesis when n is indefinitely 


increased, whence R, and R, also vanish in the limit; 


ne | R,,dx vanishes in the limit. 
Hence f nde+ | ude+f udt +... 
a G a 


converges to the limit | J (&) da. 
a 

[SERRET, Calcul Intég., p. 108.] 

335. Cor. IV. If a continuous function f(x) can be expanded 


in a series of powers of x convergent for values of æ between 


0 and a, 
say, A+ ArH Ar n, 


then Aget Ag+ Ae. 
is also a continuous and convergent series tending to the limit 
i “F(a) de. [CE Art. 34] 
336. Cor. V. 
[Fedde f OHer OaS O+ ] de 


=2f() Ha O HZS Ot 


convergent between the same limits for which Maclaurin’s 
series, which has been used, is convergent. 

This gives a means of expressing an integration by means 
of a series. 

337. LEMMA. A THEOREM DUE TO ABEL. If S, be the sum 
of the first r terms, and S; the sum of the last r terms of the 
series 

Uy tH Ut Ut e FHU t F Un, 
each term being real and finite, but not necessarily all of 
the same sign, and if 
> and o be the greatest and least values of S,, 
and >’ and a’ be the greatest and least values of S, 
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and if @,, @z, @3,...@, be n positive finite quantities arranged 
in descending order of magnitude, and if 

K =A U + aU + agg + -.. FAnn 
then we shall have 4a,2>S> as; 


and if @,, @, Qg, ... An be arranged in ascending order of 
magnitude, then 


For 
S =U, + Allg + Ags + -Hanun 
=a, (S,) +4,(S,—S,) + 4,(S;—S,) 
+ wae + Gy_(Sp_1 —Sy-2) aki an(Sn— Sn) 
= S, (a, —a,) + 8, (Ag —as) + S; ( a3 —a,) 
+. FSu (Aani ay) + SA 
and a@,—@,, @,—@3, ... An- ı1— ün, a, are all positive quantities ; 
ws S<Z[(a,—Ay) + (a —as) + (3 —Ay) +». + (an-an) +p] 
and = >o[(a,—a,)+(@,—@,)+(@,—A,) + ... + (an-ı —an) + 4an], 
i.e. S<a,> and S>aqo, ie aÈ >s > dos. 

In the same way, writing the series from the other end, and 
ifan, ani n-o +» @, be in descending order of magnitude, 
a,2 >S>a,o’. 

This theorem in inequalities is due to ABEL. 
We note also that if a@,, ds, Qz, ... a, were all negative, the 


same theorems would still hold, except that the inequalities 
would have been reversed, viz. 


a42<S<dao and a, < S<a,o. 


GQ, >S> a,c’. 


338. X. Applying Abel’s inequality theorem to the case of 
the integral b 
f LLE) da, 


where ¢(x) and y(x) are finite and continuous functions of x 
for all values of x between the limits a and b, and ¢(z) positive 
and continually decreasing throughout that range, and writing 


$(a), g(a-+h), p(a+2h), ... g(b—h) 


respectively for 4,, az, as, sess 
and hy (a), hy (a+h), hiy(a+2h), ... loy(b—h) 
for u; Ue; Us; EA Uns 
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and taking the limit when h is indefinitely small, we have 
b 
S=| g(a) Wo) de, 
éi 
a, 2=¢(a) | y2) de, 


' fz 
aa=p(a) | ya) de, 
where Â, & are a limits corresponding to the greatest and 


least values of “ya dx for different values of ¢ between a 
and b; 


= pla {yey de> | goya) de> #(a) [“ye) de 
and therefore KO y(x) de=ġ(a) f y4) dx 


for some value of £ intermediate between a and b. 
Similarly, if g(x) be a continually increasing function, 


b b b 
$(b) f, ve) de> [0 (x) de> p(b) f y(a)da, 


b 
where £’, & are the values of which make [vo dx 
greatest or least, and therefore F 


[ Pere) dr=40) f pode, 
where € is intermediate between a and b. 


339. From the last remark of Art. 337 it appears that the 
same theorem will be true when ¢(z) is negative through- 
out. That is, that provided ¢(x) be continually positive or 
continually negative from «=a to z=b, and g'(x) retains the 
same sign throughout this range, 


b £ 
| 20 W(a) da = g(a) fwo die 


b b 
or i KO ya) de=p) | ya) dex 
according as ¢(z) is negative or positive, where Ê is some 


value of x between a@ and b, ie. €=a+6(b—a), where @ is 
some positive proper fraction. 
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340. A Theorem due to Ossian Bonnet. 

If ¢'(x) be negative, i.e. p(x) decreasing, but (x) changing 
sign in the interval from c=a to x=b, and therefore ¢(b) 
negative and ¢(a) positive, write 

$(2)—$(b) = x(a); 
then y'(x) is negative and y(x) is positive from a to b. 


n fone) de= [19 0)+x(@)ve)de 
= $00) | (a) de+ x(a) fya) de 
é b £ 
=[p0) | Wa) de-+ 906) | la) dz] +x(a) f(a) dx 
=O) +x] f ve) de+o | ye) de 


& b 
=$(a) | yta) d+ p) | y) de. 


341. Finally, if ¢’(z) be positive, ùe. (x) increasing, but 
changing sign in the interval between a and b, and therefore 
ġ(a) negative and (b) positive, write 


p(x) — $(4)= x (2); 
then y‘(z) is positive and y(x) is positive from a to b. 


n [sood 
=f tyota) 
=p(a) | Ve\de+ xf yde 
= ¥(a) [firade f (e)de ]+x(0) | (ede 
=$(a) f YwdeHola)+x@If y ad 
=$ |y (ajde +90) | y (z). 


Hence, in all cases where the differential coefficient of ¢(z) is 
a continuous function, retaining one sign between the limits, 
though ¢(z) itself may change sign, 


b t b 
f sov @)de=9@)| Vo de+oO] yode 
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for some value of € intermediate between a and b, p and ẹ 
being finite and continuous throughout. l 
This theorem is due to OssIAN BONNET. 
342. XI. (i) Since 
(a, 2+0, +0,2 + ... + an?) (b,2-+b,2+4 ... +b,2)h? 
F(a bitb + ... + Andy)?h’, 
we have upon putting 
a,=$(a), a= $(ath)...d,=9(b—h), ‘ 
b=W(a), b= (a+): ba =p), 
and taking the limit when h is indefinitely small, 


[to@rd ty wpace[ f'oovoas J. 


(ii) If By; Uys Agjntes Be, 
and Dia, Ox d\ Per wot 
be two sets of positive quantities, both in descending or both 
in ascending order of magnitude, 

La, Zab, — Xa? Da,b, £0 

[for La,a,(a,—a,)(b,—b,) is positive]. 

And it follows as in (i) that if g(x) and y(x) be finite, con- 
tinuous, and positive, and ¢’(x) and v(x) be both positive or 
both negative from «=a to x=), then 


b b b b 
[ s@rdel [pepret f [o@de[ [peN eld. 
If ¢’ and y” are of opposite signs the order of the inequality 
is reversed. 
GENERAL AND PRINCIPAL VALUES OF AN INTEGRAL. CAUCHY. 
343. XII. The Definition of Integration. Modifications. 
In our summation definition of integration, as 
Lty-ob[ p (a) +6(a-+h)-+p(a+2h) + ... + p(0—h)], 
which has been denoted by 
b 
|, 2ds, 
we have assumed 
(1) (x) finite and continuous and single-valued for the 


whole range from x=a to x=b. 
(2) a and b to be both finite quantities. 
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This definition will fail when these conditions are not satisfied, 
and will require modification. 
We have also (Art. 18) extended our notation so as to let 


[tod stand for the limit when b is indefinitely increased 


of y (b)—y (a) where D gla), with a similar extension 


when the lower limit becomes infinitely large. The subject of 
integration itself, viz. (x), has been so far, however, in all 
cases, understood to be finite, single-valued, and continuous 
for the whole range of integration from a to b, whether that 
range be finite or infinite. 


344, Infinities of the Integrand. GENERAL AND PRINCIPAL 
VALUES, CAUCHY. 

When ¢(z) becomes infinite between the limits of integration, 
say at the point =c, where a<c<b, and nowhere else 
between a and b, our definition holds 

fromz=a to r=C—e 
and from x=c+y to «=, 
where e and y are two positive quantities which may be taken 
as small as we please. 


b 
The integral f ¢(x)dz is now to be understood as meaning 


Li f $(a)de-+ re p(e)de |. 


This limit may be finite, infinite, or of undetermined 
value. 

It is called the GENERAL VALUE of the Integral. 

When y=e, CAUCHY has named the limiting form derived, 
the PRINCIPAL VALUE of the Integral, viz. 


Lto| | gtoyde+[ pode), 


which may be finite or infinite. 

A similar modification of the original definition will 
obviousiy be necessary when the subject of integration, viz. 
¢(z), attains an infinite value more than once between the 
extreme limits of the integration, viz. between a and b. 
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If the infinity of (x) occurs at one of the limits, say 

b 
at the upper one, then the integral | ¢(x)dx is to be under- 
stood to mean pa Š 
Li-o| (x) dx. 


Again when the upper limit is infinite we shall understand 


a (x) dz to mean 


1 


Lt.=0 fi (x) dx t 
and when the lower limit is infinite we shall understand 


ji ¢ (x) dx to mean 
Ki b 
Lol (x) dz. 


-When the integration is from —o to +0 we shall consider 


the integration E (x) dx to mean 


zà 
Lt.<0 [ (x) dx, 
n=0J_1 
7 
which we shall refer to as its General value; t.e. 


Lt.=o [ v-(2)- yY & =) , where A = (2); 


e and y being small positive quantities independent of each 


other; and when y=e we shall refer to 
1 


Lt. | i p(x) dx 


-t 
€ 


as its Principal value ; i.e. 


i[()}-(-)} 


345. Geometrical Illustrations. 

Let a graph be drawn of y=¢(), and let OA =a, OC =c, 
OB=b. Then at C (w=c) there is an asymptote parallel to 
the y-axis. The graph may be such as to approach the 
asymptote from opposite sides at the same extremity (Fig. 33), 
or from opposite sides at opposite extremities (Fig. 34). In 
the first case there is no change of sign of ¢(x) as x passes 
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leave the choice of these relative speeds till after integration, 
and thereby retain command of the mode in which the 
ordinates are made to close up. 


Fig. 34. 


b 
In understanding Í ¢(x) dx to mean 
s a 


Gag b 
irae l f (2) de+ Í (2) de |, 
=0 a c+n 
where e, 7 are two positive quantities, we can ultimately make 
£ =" in our investigations of the “General Value,” and if 


we take p=q, that is e=y, we shall have Cauchy’s 
“Principal Value.” 


346. When the inscribed and circumscribed rectangles are 
drawn in the Newtonian manner (Art. 11), the pairs in 
immediate contiguity with the asymptote are in area [Fig. 35] 


ep(c—e), ep(c) and no(c+n), np(c). 
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The circumscribed rectangles are numerically greater than. 
the inscribed ones. They are of infinite length ¢(c), and of 
infinitesimal breadths e and y respectively (Fig. 35). 


e n 
Fig. 35. 


These areas then are “undetermined” quantities until we 
know the nature of ¢(c). If the orders of the infinitesimals 
e, n be higher than the order of the infinity (c) their limits 
are zero. If of lower order their limits are infinite. But, in 
the latter case, if p(x) change sign as x passes through the 
value c we may be only concerned with the difference of 
these infinities, which may be finite. 


347. If ¢(x) becomes infinite at a point z=c, the general 

way in which it does so is by the vanishing of a factor in its 
denominator. 
F(z) 
Let HORF 
therefore retains the same sign as x increases through the 
value c, and n is positive. 

We are only concerned to discuss the behaviour of 
this function in the immediate vicinity of the asymptote. 


where F(z) contains no factor x—c, and 
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Therefore we may take our limits a, b so near to =c that 
F(x) retains the same sign throughout, and if A and B are 
the greatest and least values of F(x) in this interval, 


f (x) dx is intermediate between Al Er = and Bf gor 
b 
Hence we may confine our discussion ¥ oe And it 
Kem 


will be convenient to push forward our origin to the point (c, 0), 
so that the y-axis coincides with the asymptote, and we then 
have to discuss the limit of 
("2 ®dx where a=c—a, 
EE | Beat B=b—e. 


This expression has the value 


1 1 1 1 
ale cete ge} 
(a) When n is <1, ze. 0<n < 1, the limit is finite, viz. 
ee Re "4 8t-*] 
and is independent of-the limiting value of i This is then 


both the “ General Value” and the “ Principal Value.” 
The ae and last elements in the summations, viz. 


e yi and y-— 7 Mdg respectively e!-” and y!-" (n <1) vanish 
independently of each other. 
(b) If n> 1, the limit to be discussed is that of 


1 1 1 
alee cette} 
which is infinite in general, when e and y diminish indepen- 
dently and ultimately vanish in any arbitrary ratio of 
inequality. Hence the “General Value” is infinite. 
2A+1 


But when n is odd or of the form FT’ (A and u being 
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integers and A > a), the infinities will cancel each other when 
e, 7 ultimately vanish in a ratio of equality. 
The Principal Value is therefore finite, and 


dansk» gai] 
p e ES a, 


whenn is odd or of the form are, (A> u), and infinite if n is 


wee A 
an even integer or of the form 5 n : ÁN > p). 
(c) When n=1 we have to discuss the limit of 


-e d , (dx 
f A pa T . ? 
or putting s=—€ in the first integral, 


Lt (5 aa if i.e. Lt {| log é | + di +| log 2|}; 
NA log e +E log £ a 


This limit depends entirely upon the mode of approach of 
the ordinates N,P,, N,P, (Fig. 34) to the asymptote, and is 
undetermined till that is settled. 


When ony , where p, g are any finite quantities to be 
chosen, the limit is log É slog A and is arbitrary, depending 
upon the choice of p and q. 

When p and q have been chosen equal, that is when e, n 
vanish in a ratio of equality, the limit becomes log E - 


Hence the General Value is an arbitrary quantity; the 


Principal Value is log 5 . 
9 
If n be of the form aA? B becomes unreal when g is 
p 


negative and the first integral is unreal, from —a to —e. 
Excluding this we are then only concerned with 


A: oe 1 Tgn 
Bh Lal E oa ekepi Ma 
n=0 Ear (7 ee | g” 1 > 


or yer Bat ait: 
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integers and À >), the infinities will cancel each other when 
e, 7 ultimately vanish in a ratio of equality. 
The Principal Value is therefore finite, and 


iadt afata adi 
a [g ai? 

; 2A +1 AEAT 
whenn is odd or of the fom 5 are (A> u), and infinite if n is 
an even integer or of the form 5 2 » (A> ,). 

(c) When n=1 we have to discuss the limit of 
-e dæ Fda 
| T T -f BE ? 


or putting c=—€ in the first integral, 


Lt {f $+{" oh, i.e. Lt { [tog é| + [}og “| } ; 
i.e. log > He Tt log $ £ 


This limit depends entirely upon the mode of approach of 
the ordinates N,P,, N,P, (Fig. 34) to the asymptote, and is 
undetermined till that is settled. 


When gey , where p, q are any finite quantities to be 
chosen, the limit is log Biog f, and is arbitrary, depending 
upon the choice of p and q. 

When p and q have been chosen equal, that is when e, 4 
vanish in a ratio of equality, the limit becomes log mh 


Hence the General Value is an arbitrary quantity; the 


B 


Principal Value is log Di 


ELES 2 becomes unreal when g is 
2u x” 

negative and the first integral is unreal, from —a to —e. 

Excluding this we are then only concerned with 


A . 1 LaF 
Ets | —, tl. -phul 
n=0 at n—l gr 1 a 


or ~ u| gaa 


If n be of the form 
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which is real and = mot : if n< 1, and infinite ifn> 1, 


ere a 
and may be referred to as the Principal Value of the real part. 
848. We next consider the case when the infinite value of 
ġ(x) occurs at one of the limits, say b. 
b i b-e 
| p(x)dæ is then to be interpreted as | (x) da, 
a a 


which is called the “ Principal Value.” ‘ 


Let (2) = i where f(x) does not contain the factor 


z—b, and therefore does not vanish when «=6; and let n be 
positive. Then, 

(a) if n be < 1 and if we can find some quantity y between 
a and b such that throughout the range of values of œ from 
y to b the numerical value of f(x) does not exceed some finite 
quantity A, the Principal Value will be finite. 


For f so dx =f e(z) det f gta) dx. 


The first of these two integrals is finite, and in the limit 
the numerical value of the second is not greater than 


b-e -e 
moreover 5 m =j} [o _ ye] 


=o" yy, 


the limit of which, when e=0, is — oy)" and there- 
fore finite. 

(b) If, however, n>1, and if we can find some quantity y 
between a and b, such that throughout the range of values of 
x from y to b the numerical value of f(x) is greater than 
some finite quantity B throughout this range of values of z, 
and if f(x) preserves the same sign throughout that range, 
the Principal Value of the integral will be infinite. 
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For, as before, 


b—e Y b—e 
| (0) da= | ple) de+ Í (a) de, 
a a Y 
the first of the two integrals being finite. 


b- 
But the numerical value of Lt,- I ¢ (x) dx is greater than 
the numerical value of 


b-e 
Li-B| gi yi 


a | alea 


which becomes infinite when e vanishes. 


(c) Lastly, if m=1, and if, as in the last case (b), such a 
quantity y can be found as there described, the numerical 


b-e 
value of Leno p(x) dx is greater than the numerical value of 


D=% dx b-« dz — ey 2 
LiB) E 5» and f Z mlog E; 


the numerical value of which is infinite, and therefore the 


b 
Principal Value of | p(x) dx is in this case, also, infinite. 
a 


349. To sum up these Statements.* 


If it be possible to find a quantity y between a and b such that 
the numerical value of (x)(~—b)", that is f(x), does not exceed 
some finite quantity A throughout the range from y to b, and if 


b 
n< 1, then the Principal Value of | (x) dx is finite. If it be 


possible to find a quantity y between a and b such that the 
numerical value of (x)(a—b)" does exceed some finite quantity 
B throughout that range, and if ¢(x)(z—b)" does not change 
sign throughout that range, then if n +1 the Principal Value 


b 
of f ġ(2) dx will be infinite. 
a 


Obviously a similar rule holds for the lower limit by re- 
versing the order of integration, i.e. interchanging the limits. 


* Serret, Calcul Intégral, p. 100. 
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laa 
0 V1-2 
Here the subject of integration, viz. aibi is infinite at the upper 
limi Vi=z? 
imit, 
: 1-« dæ 
We have to consider Lte=0 Í ==. 
. 1-2 

1 Th s Ms 4 
Ea en h(x) 1 oe ae 
whole range 0 < xZ 1 or for any part of it, and the index of the factor 
1—w is 4, which is<1. Hence by Art. 348 (a) the Principal Value is 
finite. 


350. (a) Consider 


Let $ (#)= , which. is <,1.-for the 


It is of course obviously equal to Lts=o| sinte | $ 
i.e. Lt.=0{sin— (1 — €) —sin-10}=sin—11—sin—'0 =5 ; 
: 1 ax 
(8) Consider i} ale’ 
Here the subject cf integration, viz. a SP is infinite at the upper 
limit. Let ¢(z)=—1—~. ‘Then 4(z)(1-2)#=—,, which is ¢ l- 
(1-294 (1+2)? 2v2 


and does not change sign for all values of x from x=0 to x=1 or for 
any part of that range. Also the index of the factor 1—~ 2 is 3, ùe. >1. 
Hence, by Art. 348 (b), the Principal Value of this integral is œ. 


1 
351. Consider f. 182 de, where O0<n<1. (Serret, C.Z., p. 103.) 
y A 8 0O. 


When x is made to approach zero indefinitely closely, the integrand, 
viz. ġ(x)=log x/x", increases numerically without limit. Take a quantity 
p lying between zero and 1~x, so that p is positive and <1. Then 


1 
x?*"h(x)=2? loge has a turning point at v=e7?, vanishes at r=0, and 
whilst numerically decreasing to zero as x diminishes from e-r to zero 
is always numerically less than a Moreover p +n is a positive index 


less than 1. 
Hence, by Art. 349, the Principal Value of this integral is finite. 


b 
352. Suppose that $ f(x)dx has a value which is finite and determinate, 


when f(x) becomes œ at x=¢. (a<ec<b.) Then this value must be 


Lte=04 E A EEA [ dode}, MERCH Ye (A) 
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whatever may be the ratio of p : q, and if this limit were not independent 
of p : q, this General Value would not be determinate. 
The Principal Value is the case when p=g=1, 


Lto] |; fi) dæ + 7 if fle) de |. PES AA (B) 


The difference of these expressions A and B is 


et fox 

Lte=0 [ ee Lie) dat ppal *) da | j 

and this limit must therefore vanish whatever the ratio p :q may be if 
b 

i f(x)dx is to have a finite and determinate value. 


Cauchy * calls such integrals “Singular Definite” integrals [Intégrales 
définies singulières], viz. those in which the subject of integration becomes 
infinitely great at the same time that the limits differ by an infinitesimal. 

In order that p and q shall disappear, the first integral must be inde- 
pendent of p, the second of q, when e is indefinitely diminished. 

For example, in the case 


da 
rf where a<c<b; 
a (æ— e)s 
here S Esa 2 [ a o| Gi 
C~ e 


vC—€ (x-c)3 


-5 K -pe -(- o] 


and the limit when e=0 is zero and independent of p. 


Similarly for fer" da 
c+e (x— c)? 
integral J is determinate. 
See Williamson, Int. Calc, pages 128-135; Moigno, Cale. Intég. ; 
Serret, Cale. Int., pages 91-107; Bertrand, C.Z, p. 117, for further 
information as to General and Principal Values. 


the limit is independent of g, and the 


353. Successive Integrations. 


Successive integrations of a function may be expressed in 
terms of single integrals. 

Let u be any function of x. 

Then ey 


nl n n—1 1 : n n—2 1 2 
u=x" - u—"C,2 a On pe” 


TAR "D 


eet (> Di =a"u, where Da7- 


*Serret, Calcul Intégral, p. 107. 
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1 r 
For pa= || fede |a 
=g fe da — [zw dz 
=g J u— 1 gzu 
eek ae N 
and the theorem is therefore true when n=1. 
Also, integrating each term of the stated result, assumed 
for the moment true, 


ngaue KRIS ew 
De lnti D“ Drt 


~0,[2 5 1 gn*t ] 


a te ma U 


ralo- pa" 


+(=1)"| apo pa"tu], 
nOs 


nOn 
—...+(—1)" 7" 


n+l n 
1 
ee a ee ...+(—1)" nt+1C] 
S Lin aos | OF an ate eT 
gaa er da p oar le 
Hence, the right-hand members of the several brackets add 
wih see cpe 
‘ett DD 
Therefore, multiplying by +1, 


gnti U. 


(n+1) pausar i uO aneu 
a "AC gni ot e+(—1)™41 tamu, 


i.e. if the theorem be true for the operator i.e. for 


1 
Dew 
n-+1 integrations, it is true for y <3 ue. for n+2 integra- 


tions; which establishes the inductive proof, for we have 
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shown that it is true if n=1, whence it is true for n=2, etc., 
and generally. 
The theorem shows that a repeated integral such as 


[||| vdzdzdzaz 


can be expressed in terms of single integrations of 
fe dz, f su dx, fom dz, færu dz. 
This theorem is given by Todhunter, Integral Calculus, 
p. 72, q.v. 
MISCELLANEOUS EXAMPLES. 


sin?zdg 
1. Integrate (i) a cos g — sin ay” [L.] 


a log z dx 
(i) x*(1 — log a)? [L] 


e (ec? — x?) dx é 
tee (Dee). [L] 


2. Prove that 
—e (b2 +e — Qba)t 


-4 
5 
3, If X=a+ 2bz+ e, show that |x can be made to depend 


upon Peas 


Find a reduction formula for foosms sin”z dz, and apply it to the 


case n= 4, {L.] 
22-3 dæ 
b 
5. Prove that p uP de 
can be made to depend upon 
b dry 
lia 
Hence show that if f(z) be an arbitrary polynomial of degree 
n—1, and d”( Ax? + Bx + C)” 
P. n (x) = = at oa Ts ’ 
B 
then | J (&)Pn(x) dx =0, 
where a, 8 are the roots, considered real, of the quadratic 
Av + Bu+C=0. 
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6. Prove that the effect of the operation pata on a periodic 


function acos(nt+e) is to multiply the amplitude a by Vpn? + q?, 


and to increase the angle nt +e by tan . 


Write down the effect of the operation 


(a+) (a+) 


and generally, of the operation ‘ 
d d? d d? 
(«+85 EET ka ~) |(4+80+ 07 + i 
on the same periodic function. [Inr. Arts, Lonpon. ] 


7. When 4? = ax? + 2b +c, prove that 


dz 1 yJa 1 yva ae ETI 

— = eh e, h = or ———sin! , 

f is Jac) Jerr e dna” | VT 
the real form to be chosen, and deduce the value of the integral 
in the degenerate case when a=0. [Inv. Arts, Lonpon.] 


1 
8. Find the limiting value of (n!)"/n, when n is infinite. 


9. Find the limiting value when n is infinite of the n™ part of 
the sum of the n quantities 
n+l n+2 n+3 n+n 


U irit din tein ett alinor. 


and show that it bears to the limiting value of the n™ root of the 
product of the same quantities the ratio 3e:8, where e is the base 
of the Napierian logarithms. [Oxrorp 1886, and I. P., 1911.] 


10. If na is always equal to unity, and n is indefinitely great, 
show that the limiting value of the product 

1 
(1 +at){1 + (2a)4}#{1 + (3a)4}#{1 + (4a)4}*... {1 + (na)t}” 

is ets. [OxrorD, 1888.] 
11. Show that the limit of the sum of n terms of the series 

n? nè n? 
may 12)(n? + 2. 12) * (m2 + 22)(n2 +2. 2) U H En (n+ m 
when n is infinite, is 


sy ra. 
V2 tani V2 - 7 [y, 1901.] 
4 Jn-a J2n-a J3n-a Jn? —a 
12... Find Zi. ie ‘ 
nm—C n-e 3n—C n* —¢ 
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13. Find the limiting value, when is infinite, of 


Qr r nm)” 
alee se al 
{ tan = n — e . tan on . tan A 


[Oxror I. P., 1903.] 
14. Show that the limit of the product 


4 i n 
(1+2) (145) (1 +3) (1+7) } 
n n nj. n 
when n is increased indefinitely, is ef. [CoLLEGEsS, 1896.] 
15. Find the limit, when n is indefinitely increased, of 


l 2x (n Oy, 


sec — “+ sec — aa . + sec 


r T 
where z is <> 


Examine the case when g > T 


16. Find the limiting value of 
2 1 1 
2 log n — log [(1 + n?)"(2? + n?)” ... (2n?)"], 


when n is indefinitely increased. [Oxrorp I. P., 1900.] 
17. Show from elementary considerations that when n increases 
indefinitely, i 1 on 1 , 
+5t3t oe ‘a ogn 


approaches a finite limit intermediate between 4 and 1. 
[Sr. Jonnx’s, 1884.] 
18. If f(«)=f(a+2), show that 


na a 
[Fe de= (0-1) Aa) ae 
a 0 
and illustrate geometrically. [Oxroro I. P., 1888.] 
19. Prove that KO dx= K (a — x) dz, 
0 0 


x“ sin” T sin” 
and show that (1) | oe 3\o Ta costa™ 


and evaluate this integral when n= 1 and when n=3. 


(2) y log Ce 2} a= 7 log 2. 


20. If $(x)= - ¢(2a—2), show that 


2a b 
f; (x) da = - f p(x) dx. [CoLLEGEsS, 1886.) 
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21. Prove that ° p(z-b) dz= ep(c- z) 7 


p pc- 2) » (a —b) 


provided (æ) remains finite when æ vanishes. [Sr. Joun’s, 1883.] 


22. Prove that if p(x), y(x), ¢'(«), y(x) be continuous and finite 
from «=a to x=), 


f #@¥@)ae=4 {0+ 00-«)}[¥-¥@)} 


where @ is a positive proper fraction. P 


da, 


23. Prove that i x f (sin x) dx = 3 | J (sin x) dz. 


[Sr. Joun’s, 1883.] 
24. Show that 


b b 
f Pr@ee-a)de— | f(a) 9n(o~2) de 
r=n b 
k 2 Ea (æ) grr (à ws 2) |, 
where f”(x) means the n™ differential coefficient of f(x).  [y, 1893.] 
25. Show that, if y(x)= i (x) p (2a — x) dx, 
0 


then y (2a) — 24 (a) =[$(a)?? — $(0)$(2a). [Trinrry, 1895.] 
26. If f(x, y) is symmetrical in x and y, prove that 
b b 
à ed $ ‘ 
| fs T-2)da=3 | fle 1-a)de 
[COLLEGES a, 1889.] 


27. Examine under what limitations the formula 


KO ae— |’ (2) w dz 


holds good. 

Show that | (2+2) h (2-3) —= o72{ p(z) dx. 

pi [Marn. Tripos, 1884.] 
98. If Ayal gt tent 
Look 1 
Bn= 3 E i T fiver Im’ 

show that when n and m are both infinite and the ratio n :m tends 
to a limit 4°, An- Bm= log 2+ log k. [COLLEGES a, 1888.] 
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29. Show that 


1 an 810 


De® (a? +02)? 
+ Ay+A 0+ Aga? +... + Ana, 


Ay, A,, etc., being arbitrary constants, and also that it may be written 


1 sin ai 
Dap ond OE A alna ’ 
and explain how the latter operation is to be conducted. 
H 
30. If I, -| log (1 + a, sin? 6) d0, 
0 
show that i= z log (1 +a) +3J,, 
2 
where fe -| log (1 + a, sin? 6) d0 
0 
and ` 4(1+a,)(1+4,) =(2+4,)* 


Hence show that 
I, =F log [(1 +a,)(1 + a,)*(1 +a,)*...], 
where 4(1 + dy4,)(1 + ay) = (2 + ay)? 
31. Show that if »>1, 


1 1 1 
f'tanh ag at (1 + log n). [Oxrorp I. P., 1911.] 


32. How is the equation 
b 
[,7@ #=F0)-F0 
to be interpreted when f(x) is not a single-valued function ? 
Illustrate your answer by evaluating 
se dé 
o 4 cos? +b? sin? 6’ 


where a and b are real and n is a positive integer. 
[Oxrorp I. P., 1912.] 


33. Remembering that f” means the limit tended to by f as 


the first of the two positive quantities «, » tends to zero, and the 
second to infinity, prove that if a>1, the value of 


| (aneas F ze) gnl dx 
0 


is zero if n>0, but not if n=0. [Oxvorp I. P., 1917.] 
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34. If f(x) be any function of æ which can be put into partial 


, then will 


fractions of the form --—, 
a-g 


at A iia 5 tal Dd 


o 1 +22 [R. P.] 
35. If ` O<b<a, a,=1(a+b), b =(ab}, 
prove that >  b<b<a<a, a-b <4(a-b). 


Show that if (a+b) tan 0 cot p =a - b tan?ð0, 


2 z 
then | (a? cos? 6 + b? sin? 6)-4a6 = | (a? cos? + b,? sin? $y? do. 
3 j (Maru. Triv., Part II., 1915.] 
36. Show that 


7 
f sin @ tan- (sin 0) do=%, (3 - 1). 
[Matu. TRIP., 1882.] 
37. Show how to evaluate | R(x, y)dz, where R(x, y) denotes any 


rational algebraic function of the coordinates z, y of a point on a 
conic. [Sr. Joun’s, 1891.] 


38. Show that if a be greater than unity, 


ie... aera, «AML 
o4? = coss Qa/a2-1° [Oxr. I. P., 1890.] 
39. Prove that i 


£ (2) d= [ {$(2) i oG) a 


(Sr. Joun’s COLL., 1882. ] 


"asinadt ` r 
40; P iisi CRN CET T an h/D, 
0. Prove tha f 2+cos2s J2 tan“W2 [Oxr. I. P., 1889.] 


b 
41. Integrate | ae when c lies between a and b. 

a È- val [R.-P.] 
42. Prove that 


1 1 
[a a-apde—amf' aa -arda 

0 É [Oxr. II. P., 1886.] 
43. Prove that 


f 2 cos? x (sin 2x) dx = j ¢ (sin x) da, 


[Sr. Jonnx’s.] 
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44, Show that 


= eee 
a—c!/2(a? + c2)r? — (a? — c2)2 — r4 
is the equation of a circle. (Maru. TRIP., 1882.] 


45. Find the integrals 
(a) f { (=): + G)} log x dz ; 
o (2 a@=3FR a: 


(err x 
sin?a tan” 5 [Sr. Joun’s, 1887.] 
46. Prove that 


f log (1 + tana tan x) dx = a log sec a. 
0 


[Coxts., 1896.] 
47. Evaluate 
ó ger 
© ler o fegi” 
[TRIN., 1891.] (Hatt, J.C.) 


D exv2 1-2 xet dx 
(iii) [En Tage (iv) me. (@-1)" (Han, 1.0] 


2 sec x cosec tI 
(vi) 


d 
(v) fa a g) 


log tana — 
[TRIN., 1891.] [Trin., 1884.] 
(vii) (eS Da. 
1 
48. If In= i (1 — x?) cos ax da, 
show that aIn = on (2n. - 1), — 4n(n — 1) Ine, 


provided n > 1. 
Show also that J, = ari I, (a)sin a + g(a)cos a}, 


where f(a) and g(a) are algebraic functions of a, of degrees } n, 
with integral coefficients. [TRIN., 1892.] 


49. Show that 
2 

(i) fe l të de=}tana i te - 42+) T— a 

dx A -om i. 


=== COS 


(ii) P TIVI -art +t -75 


(a > 2). 
i rf : a. p. 325 and p. 346.] 
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50. Show that 


1 2 
| ae dz =l - £ 2 
0 


51. Prove that 


0 26 stone? OE 
(i) 1455 i (fs Me terte 


.4 
52. If ple) =0,0 +3 age? + FF a 
prove that 


(4 
+I Garip arnt 


[ANGLIN, ] 


[Anaiu. ] 


(i) [costo asin oao 3 nova dg + Ge i) as Pes 


(ii) Fa145. 1845 3(5) + +7(35) + 


1 
3. 
OF 1 24 2.4\2 
fiii) r-3=35.1 +i(3) + tals +... 
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